Abstract. In this paper we mainly survey results obtained in [MM3] . For example, we give an elementary proof of two versions of Koebe 1/4 theorem for analytic functions (see Theorem 1.2 and Theorem 1.4 below). We also show a version of the Koebe theorem for quasiregular harmonic functions. As an application, we show that holomorphic functions (more generally quasiregular harmonic functions) and their modulus have similar behavior in a certain sense.
and c from the circumference respectively. There is an extremal metric ρ 0 for the family Γ 0 , which is obviously symmetric with respect to s.
Given any γ ∈ Γ we obtain a path γ 0 of equal ρ 0 -length by reflecting part of γ across s. Hence, we conclude M (Γ) = M (Γ 0 ). Note the crucial role of symmetry.
Since Γ c is the smaller family than Γ, we find M (Γ c ) M (Γ) = M (Γ 0 ). In view of conformal invariance, we get:
Theorem 1.1 (Grötzsch Theorem). Of all the continua that join the point R > 1 to ∞ the segment [R, +∞] has the greatest extremal distance from the unit circle.
It is convenient to introduce the notation C R , R 0, for the complex plane cut along [R, +∞) and C Proof. Let f ∈ S, 0 < ε < 1, A ε = ∆ ∆ ε , G ε = f (A ε ), and δ = δ f = dist 0, ∂f (∆) . Since the modulus is a conformal invariant, it follows M (G ε ) = 1 2π ln 1 ε .
For 0 < ε < 1, let ε * = min{|f (z)| : |z| = ε}. Then
.
By the monotonous principle for modulus and Grötzsch's theorem, M (G ε ) M (C δ ε * ) and hence, since ε * = ε + 0(ε), ln 1 ε ln 4δ ε + 0(ε) . Now passing to the limit when ε → 0, it follows 1 4 δ f ; that is f (∆) ⊃ ∆ 1/4 .
Koebe 1/4 theorem for analytic functions. Example 1.
The example f n (z) = 1 n (e nz − 1) shows that if f is an analytic function on the unit disc ∆, f (0) = 0 and |f (0)| 1, then there is no absolute constant s such that the disc B(0, s) belongs to f (U ).
This example shows the hypothesis that f ∈ S that is, roughly speaking, injectivity of f is essential for validity of Koebe's One-Quarter Theorem. It is a natural question: whether exists an appropriate generalization of this theorem to functions which are not injective.
After writing several versions of this paper we have found very simple proof of the following result which seems to be an appropriate generalization of Koebe one-quarter theorem (with the best constant 1 4 ). In order to state the theorem we need to introduce some notations.
Recall, by ∆ we denote the unit disc in the complex plane. If z and w are complex numbers, by Λ(z, w) we denote the half-line Λ(z, w) = {z+ρ(w−z) : ρ 0} and we write Λ(w) = Λ(0, w). If θ ∈ R we also write Λ θ and Λ θ a respectively instead of Λ(0, e iθ ) = {ρe iθ : ρ 0} and Λ(a, a + e iθ ).
By ω = ω f we denote the modulus of continuity of f .
Lemma 1.1 (Koebe lemma for analytic functions). Suppose that f is an analytic function on the closed unit disc ∆, f (0) = 0 and |f (0)| 1. Then for every θ ∈ R there exists a point w on the half-line Λ θ which belongs to f (∆), such that |w| 1 4 . Proof. Contrary, suppose there exists θ for each the theorem is not true. Without loss of generality we can assume that
Then Koebe function k 0 , which is defined by k 0 (z) = z (1 + z) 2 , maps ∆ onto C Λ and by the subordination principle |f (0)| 1. If |f (0)| = 1, then f = k 0 and f (1) = k 0 (1) = 1/4, which is a contradiction with the hypothesis (*). Hence |f (0)| < 1, which is again a contradiction with the hypothesis (*).
As an application of Lemma 1.1, we immediately obtain the following result, which we call the first version of Koebe theorem for analytic functions. 
This estimate is crucial for applications in Section 2. Here, by ω = ω f we denote the modulus of continuity of f . Using Koebe's One-Quarter Theorem for univalent function we can generalize Theorem 1.2, the first version of Koebe theorem for analytic functions. 
By the Schwarz lemma,
, and hence it follows, by (
, and this proves the part (2).
Suppose, in addition, that f is holomorphic on B. Then for every θ ∈ R and b ∈ D, there exists a point w on the half-line Λ 
However, the disk B(1; 1) does not belong to A = A r for any r > 0.
Applications
As an application we prove Dyakonov's theorem. In discussion which follows, we suppose that α ∈ (0, 1). By ω = ω f we denote the modulus of continuity of f .
Roughly speaking, the first and second version of Koebe theorem for analytic functions state that holomorphic functions have the same dilatation in all directions and it indicates similar behavior of holomorphic function and its modulus in certain sense and leads, via crucial estimate (2.3), to what we call geometric visual proof of Dyakonov's theorem [Dyk1] The original proof of Theorem A was complicated; for simple proofs see [P] , [MM1] , and [MM3] .
Namely, if f belongs Lip α, then, by triangle inequality, |f | belongs Lip α. Proof of the opposite result is more delicate as the next example indicates:
Then ω φn (1) 2 and φ n (∆) = A, where A = A n = {w : exp(−r/n) < |w| < exp(r/n)}, and therefore ω |φn| (1) = 2r/n + o(1/n) → 0, when n → ∞. Note that, by the triangle inequality, ω |f | ω f . Since φ n , n 1, are not continuous on ∆, these function do not belong to 0<α<1 Lip(α) on ∆.
Even, if we consider the family H ∞ of bounded analytic function on the unit disk as a frame of investigation, there is no an absolute constant K such that ω f Kω |f | for every f ∈ H ∞ . The following lemma which gives the estimate of modulus of derivative is an immediate corollary of the key estimate (2.3). It with the gradient growth lemma (see the appendix) yields immediately a proof that if |f | belongs Lip α, then f belongs Lip α.
where ω = ω |f | is the modulus of continuity of |f |. In addition, if |f | belongs Lip α, then
The estimate (4.2) in the appendix shows that the constant 4 can be replaced by 2 in the above inequalities.
Notes: In the appendix, we prove a version of Schwarz lemma (the estimate (4.1)), which is very close to classical one (and probably known to the experts in the subject), and we derive the estimate (4.2) as an immediate corollary of it. Let z 1 be preimage of w 1 . Since Having in mind the previous proof of Theorem A, it is clear that it can be based on the estimate (4.2), which easily follows from Schwarz lemma.
We can also get Theorem A as an immediate corollary of Bloch theorem. Namely, Bloch theorem states if f is a normalized holomorphic function on ∆, that is |f (0)| 1, then f (∆) contains a disc of radius greater then an absolute constant. This gives a version of the key estimate (2.2) with an absolute constant.
Try to understand (investigate) which property of holomorphic function is essential for similar behavior of holomorphic function and its modulus in certain sense, leads to generalizations of Theorem A.
In [MM1, MM2] , we have outlined a proof of a version of Theorem 1.2 (and therefore Theorem A for quasiregular harmonic mappings and have indicated that it is true for classes of functions which include pseudo-holomorphic functions, real harmonic functions of several variables), holomorphic functions of several variables, etc (see also [MM1, MM2] and [Dyk2] for further comments and references).
By B n = {x ∈ R n : |x| < 1} we denote the unit ball and by S n the unit in R n . For example, we can prove the following:
is a Euclidean harmonic mapping and continuous on B
n . The following conditions are equivalent:
If, in addition, h is real then the following conditions are equivalent
If h is real and |h| belongs to Lip(α), on S n , then h belongs to Lip(α) on S n .
We outline a simple proof. First we verify that (f ) is equivalent to (g) h belongs to Lip(α) on S n .
Suppose that (f ) holds, that is h belongs to Lip(α) on S n and let x 1 , x 2 ∈ S n and h(x 1 ) 0 h(x 2 ). Then there is x 0 on the spherical geodesic arc which joins x 1 and x 2 such that h(x 0 ) = 0. Hence
Suppose that, for example,
Thus, we get (g). It is known that (g) implies (d); hence the statement follows. After writing a version of the paper, D. Kaljaj informed the author about the paper [P1] , in which it is proved that (f) is equivalent to (d).
It is clear that if D ⊂ R

Koebe theorem for quasiregular harmonic functions
It is well known that if f is a quasiconformal mapping defined on a region G, then the function f z is nonzero a.e. in G. The function µ f = fz/f z is therefore a well defined bounded measurable function on G, called the complex dilatation or Beltrami coefficient of f . Let µ be a complex dilatation on ∆. For z ∈ ∆, we define µ + (z) = ess sup{|µ(ζ)| : |ζ| = |z|}, where ess sup is taken with respect to the arc length (the angular measure) on the circle of the radius |z|. Set
Note that µ + is a radial function. Using the method of extremal length (more precisely the Grötzsch theorem) we proved [MM3] :
Theorem 3.1. Suppose the above notation and (a) f is a quasiconformal mapping on ∆ r for all 0 < r < 1, and (b) f (0) = 0 and f is conformal at 0. Then
Note that τ does not converges in general. If τ converges, by Theorem 6.1 in [LV] f is conformal at 0.
If f is a conformal mapping, then µ f equals 0 on ∆ and therefore τ (f ) = 0. Hence, Koebe's one-quarter theorem follows from the estimate (3.1).
In this section, we will show that a version of Theorem 1.2 holds for quasiregular harmonic functions. For basic definitions and results we refer to [Ah2] , [LV] ) and [Ri] books. First, we need to introduce some notations and results.
Every harmonic function f in ∆ can be written in the form f =ḡ + h, where g and h are holomorphic functions in ∆. For f ∈ S 0 H (see [Cl-Sh] for the notation), |g (z)| |z| |h (z)|.
Clunie and Sheil-Small proved the lemma for harmonic mappings f =ḡ + h ∈ S 0 H . For the proof of lemma in general, one can repeat their approach using ∂f (z) and∂f (z) respectively instead of h and g . The details are left to the interested reader. The lemma also appears in [He-Sc], [He-Po] . The lemma is true if the hypothesis (2) is replaced by the hypothesis (3) f is conformal at 0 and f (0) = 1.
We now outline an argument which shows that the lemma is also an immediate corollary of Theorem 3.1. Let µ = µ f . By the hypotheses of the lemma |µ(z)| |z|, z ∈ ∆, and we obtain first µ + (t) t, 0 t < 1, and therefore τ 2 ln 2. Hence, since the hypotheses (2) implies the hypotheses (3), an application of Theorem 3.1 gives 2
Lemma 3.2. Suppose that f is a K-quasiregular harmonic mapping on the unit disc ∆, f (0) = 0 and | grad f (0)| 1. Then for every θ ∈ R there exists a point w on the half-line Λ θ , which belongs to f (∆), such that |w| c, where
We call this result the Koebe lemma for quasiregular harmonic mappings with constant c.
Proof. Let us first verify the decomposition property for quasiregular harmonic functions (shortly qrh): if f is a K-quasiregular harmonic mapping, then f = F • g, where F is an analytic function from ∆ and g is a K-quasiconformal mapping from ∆ onto itself.
It is known that there is a quasiconformal mapping g from ∆ onto itself such that g is a solution of Beltrami equation g z = µg z (see [Ah2] , [LV] ).
Let
Then we have for µ F (see [Ah2] , [LV] ) that
and we conclude that F is a holomorphic function. Before we proceed with the proof, we give some remarks which are useful for understanding it. Notes: Let us first observe that if g is euclidean harmonic, then L g (0) 2. The following simple proof was suggested by the referee: Let K r be positively oriented circle of radius r with the center at the origin. Then
Hence by g(∆) = ∆, we find
Note that g is harmonic with respect to the metric ds 2 =ρ(ζ)|dζ| 2 , wherẽ ρ = |F | 2 . Although, g is not in general harmonic with respect to the euclidean metric, it turns out that one can estimate the distortion of g at 0. Namely, if g is conformal at 0, since µ f = µ g , we can apply Lemma 3.1 and it yields L g (0) 16 (see Case 1 below).
We now continue the proof. Without loss of generality, one can suppose that g(0) = 0, and let dg(0) = p * dz + q * dz.
Case 1: q * = 0. Now it is convenient to use the notation f * instead of g and to write f = F • f * and f in the form f = g + h, where h and g are holomorphic As an application of the Koebe lemma for quasiregular harmonic mappings, we immediately obtain the following result, which we call the Koebe theorem for quasiregular harmonic mappings. Now, it is clear that one can prove a version of Theorem A for quasiregular harmonic mappings by means of the Koebe theorem for quasiregular harmonic mappings, using a similar procedure as in the case of holomorphic functions. It is left to the interested reader as an exercise (see also [MM1] ).
The following example shows the constant 1/16 is sharp for quasiconformal mappings with dilatation |µ(z)| |z|. Concerning the harmonic Koebe theorem, Clunie and Sheil-Small in [Cl-Sh] paper, mentioned that they first had found a proof with a weaker constant, and then Hinkkanen suggested to use the metric which gave 1/16, the best constant which the method could produce.
There is conjecture that the best constant is 1/6 in the harmonic analogy of the Koebe one-quarter theorem (see [Du] ).
Appendix
In this section, for convenience of the reader, we prove classical Schwarz lemma and derive some corollaries from it. Also a proof of the gradient growth lemma, Proof. Let a ∈ ∆, b ∈ ∆ such that 0 < |a| |b| < 1. Suppose δ = |b − a| < 1 and set a = The first and the third term are estimated by the Exercise as in the case (ii), the second as in the case (i).
